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Abstract

Systems trained only to predict the next symbol can come to perform arithmetic, translation or
board-state tracking, capabilities usually described as emergent. We ask a narrower question: for
a given prediction objective and resource budget, which secondary capabilities are required, which
are permitted, and which are excluded? We answer it by exhaustive enumeration in a system small
enough to allow one. With three input bits, one predicted bit and an encoder limited to K internal
states, there are 4140 distinct encoders, and each is evaluated for its exact population loss and for
the best possible recovery of each input bit. Three results follow. Better prediction does not imply
better representation: going from two to three internal states lowers the loss and lowers recovery
of the most predictive input bit from 1.0 to 0.75, at a unique optimum and with no training or
noise. The distinction between required and optional capabilities holds at exact optimality and
disappears with 0.05 bits of slack, so a claim that an objective requires a capability depends on a
stated tolerance. A capability can be fully encoded but unusable: at full capacity the irrelevant
bit is recovered perfectly by an unrestricted decoder and not at all through the predictor’s output.
A hidden-Markov construction shows the same objective requiring a latent distinction at a two-
symbol prediction horizon that it does not require at one symbol.

Introduction

A next-token objective does not specify syntax, geography, arithmetic or board states, and repli-
cation does not specify an eye. That functions can arise which no one specified was noted for
morphogenesis and complex systems long before language models (Turing 1952; Anderson 1972),
and it became pressing when trained systems began to show capabilities that had not been listed
in advance (Wei et al. 2022).

Calling a capability emergent records that it was not expected, which is a fact about the observer.
The term does not distinguish four situations: the capability was requested directly; the data con-
tained enough to support it; good performance on the objective is impossible without it; or a par-
ticular training procedure happens to find it. Only the third is a claim about the objective, and only
the third would justify saying that an objective requires a capability.

Two literatures supply most of what is needed to pose the question precisely. Computational me-
chanics gives the exact condition under which any optimal predictor must preserve a distinction
between histories, and constructs the minimal such predictor (Crutchfield and Young 1989; Shalizi
and Crutchfield 2001). Work on Rashomon sets and underspecification studies the set of models
that perform almost equally well on a primary task and shows that they can differ substantially
in other respects (Semenova et al. 2022; D’Amour et al. 2020). Combining them gives the object
computed here: the set of resource-bounded models that predict well enough, and the range a
secondary capability takes across that set. Computing the range exactly requires a model set small
enough to enumerate.
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Construction

Three independent uniform bits (a, b, ¢) are observed and one bit Y is predicted, with

P(Y =1|a,b,c)=0.05+0.60a + 0.30b.

The first input bit has the largest effect, the second a smaller one, and the third none. Before pre-
dicting, the system maps its eight possible inputs into at most K internal states, so an encoder is a
partition of the eight inputs; encoders that differ only in the labelling of states are identical.

The number of such encoders is the eighth Bell number, 4140. For each, the population loss is
exact, because inputs are uniform and the optimal prediction for each internal state is the mean of
P(Y = 1) over its members. The best possible recovery of an input bit is also exact: a decoder
reading the internal state answers with the majority value of that bit within each state, so recovery
is a count. No training, sampling, initialisation or random seed enters the calculation, and every
reported value is a property of the objective and the capacity.

Following the Rashomon construction, let R ;- be the set of encoders with at most K states whose
loss is within € of the best achievable at that capacity, and record the lowest and highest recovery
of each input bit across that set. When both are high, good performance requires the capability;
when the lowest is low and the highest high, the capability is permitted but not required; when
both are low, it is absent. As shown below, which category a capability falls into depends on €.

Loss and recovery by capacity

optimal
K best loss, bits  encoders recover a recover b recover ¢
1 1.000000 1 0.50 0.50 0.50
2 0.721928 1 1.00 0.50 0.50
3 0.643198 1 0.75 0.75 0.50
4 0.610233 1 1.00 1.00 0.50
8 0.610233 16 1.00 1.00 0.50 to 1.00

Going from two internal states to three improves prediction, from 0.721928 to 0.643198 bits, and
reduces the recoverability of a, the most predictive input bit, from 1.00 to 0.75. With two states the
best encoder splits the inputs on a. With three it isolates the two extreme predicted probabilities
and merges the two intermediate cases, which differ in a. The merge gains 0.078730 bits and loses
a quarter of the recoverability of a.

The optimum at three states is unique: one of the 966 three-state encoders attains the minimum.
The decrease in recovery is therefore a property of the objective at that capacity and does not de-
pend on how ties between optima are broken.
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Beyond four states, additional capacity does not improve prediction but increases the number of
optimal encoders. The loss is 0.610233 at four states and does not fall further, while the number
of encoders attaining it rises to 16 at full capacity, across which the recovery of the irrelevant bit
ranges from 0.50 to 1.00. At that capacity the objective places no constraint on c.

The recoverability of the input from the representation is thus not a monotone function of predic-
tive performance, even without noise, optimisation or architectural choices. Changes in capacity
reorganise what a predictor retains. Interpreting probe results as a measure of how well a model
predicts assumes a monotonicity that fails in the smallest system in which it can be checked.

Tolerance and the required—permitted distinction

At exact optimality with four states the classification is clear: a and b are required, each recovered
at 1.00 by every optimal encoder, and c is absent, recovered at 0.50.

With a tolerance of 0.05 bits the classification disappears. At four states 26 encoders fall within
that tolerance, and across them the recovery of a ranges from 0.75 to 1.00, of b from 0.75 to 1.00,
and of ¢ from 0.50 to 0.75. All three bits become permitted, and no bit is required or absent. The
requirement on a first fails at a tolerance of 0.022015 bits, 3.6 percent of the optimal loss.

A sufficiently good predictor must therefore represent a, but a predictor within a few hundredths
of a bit of optimal need not, and trained systems do not reach the exact optimum. Claims that pre-
diction requires a world model therefore need a stated tolerance, on which the conclusion largely
depends. Computational mechanics states its results for exact optimal prediction, which suits a
theory but not a claim about a trained system (Shalizi and Crutchfield 2001).

The cost of retaining a capability can be computed in the same way. At four states, retaining the
irrelevant bit with full recovery costs 0.111696 bits of excess loss, about 18 percent above the opti-
mum. At eight states it costs nothing, since the identity encoder is among the optima. Whether a
capability is costly, free or required therefore depends jointly on the objective and the budget, and
the same capability moves between these categories as the budget changes.

Recovery from the state and through the output

The predictor exposes only its predicted probability, and a capability the system can use must be
recoverable through that output. Recomputing recovery for a decoder restricted to thresholding
the state’s predicted probability separates two quantities that probing studies usually report as
one.

At four states the second predictive bit b is fully recovered by an unrestricted decoder, at 1.00, and
at 0.75 through the output. The four states have predicted probabilities 0.05, 0.35, 0.65 and 0.95,
and the states with b = 1 are the second and fourth, which no single threshold separates from the
others.

At full capacity the difference is larger. In the encoders that retain the irrelevant bit, an unrestricted
decoder recovers it perfectly, while recovery through the output is 0.50, chance level. A probe
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Figure 1: Exhaustive enumeration of 4140 encoders. (a) The best achievable loss at each capacity
against the best achievable recovery of the most predictive input bit; at three states the two move
in opposite directions. (b) The range of recovery across all encoders within a given tolerance of the
optimum at four states; no capability is required or absent at 0.05 bits. (c) The best recovery of the
irrelevant bit at each capacity, and the same values scored as pass or fail at a threshold of 0.95.

would report that the model represents ¢, but the model cannot use ¢, because its only output is a
probability that ¢ does not affect.

Probing therefore measures whether a representation contains information, which differs from
whether the system can use that information, and in this construction the firstis 1.00 and the second
0.50. Studies that test capabilities by intervention, in addition to decoding, address this difference
(Lietal. 2022), and the observation that a particular linear encoding is not mathematically required
even when the information is present concerns the same distinction (Shai et al. 2024).

Prediction horizon

The preceding sections vary capacity with the objective fixed. This section fixes capacity and varies
only how far ahead the system must predict.

Four latent states, A, B, C' and D, each emit one bit. From A and B the emitted bit is uniform, so
the one-step predictive distribution is identical from both. A always moves to C' and B to D, and
C and D emit zero with probabilities 0.9 and 0.1 respectively. Whether the process is in A or in B
therefore does not affect the next-symbol distribution and is fully determined by the distribution
over the next two symbols.

Ataone-symbol horizon the four states have 3 distinct predictive signatures and the latent question
is recovered at 0.75, by separating C' from D and guessing between A and B. At a two-symbol
horizon there are 4 distinct signatures and the latent question is recovered at 1.00. A third symbol
adds nothing. By predictive sufficiency, histories with the same signature must receive the same
answer, and at one step the states A and B share a signature.

The objective, the generator and the capacity are unchanged across these cases. Only the prediction
horizon differs, and that change alone makes a latent distinction required where it was previously
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absent. For language models, the relevant form of a next-token objective is the joint distribution

over a long context, which differs from the one-step conditional in the same way.
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Figure 2: The interface and the horizon. (a) Recovery of each input bit from the internal state
against recovery through the predictor’s own output, at each capacity. (b) Recovery at full capacity:
the irrelevant bit is fully recoverable from the state and at chance through the output. (c) The latent
question in the hidden-Markov construction, not required at a one-symbol horizon and required
at two, with the count of distinct predictive signatures alongside.

Implications and limitations

The results are properties of a constructed system and are not evidence about any trained network.
The construction was kept small enough that no effect specific to trained networks could enter it.
Its use is to test general claims, which does not require scale.

The results contradict the claim that better performance on a prediction objective implies a richer
internal representation, since a single increase in capacity in a noiseless three-bit system produces
the opposite. They contradict the claim that an objective requires a capability without qualification,
since here a capability is required only within 0.022015 bits of the exact optimum. And they contra-
dict the inference from decodability to capability, since a fully decodable bit is at chance through
the output.

They also bear on sharp capability onsets. The best recovery of the irrelevant bit rises from 0.50
to 1.00 in four equal increments of 0.125 as capacity increases from four to eight states. Measured
continuously it rises linearly; scored as whether recovery exceeds 0.95 it is 0 for seven capacities and
1 at the eighth. The system has no noise, optimiser or benchmark effects, so the step is produced
entirely by the choice of metric. This supports the argument of Schaeffer et al. (2023) in a setting
where alternative explanations are excluded by construction, although it does not show that any
particular reported onset in a large model has this cause.

The results do not establish how often these phenomena occur at scale, which depends on training
procedures and data. Extrapolation would require that trained systems lie close enough to their
achievable optimum for the tolerance argument to apply, that their output interfaces are as restric-
tive relative to their internal states as a scalar threshold is here, and that the relevant capacity limits
are as sharp. None of these conditions is known to hold, and all three can be measured.



What Prediction Forces and What Training Chooses 7

The question belongs to a wider study of which capabilities a generative process requires, permits
or excludes, in both learning and evolution. In biology, a function that outlasts the context that
selected it is called an exaptation (Gould and Vrba 1982), and digital evolution has documented
many adaptations that no one specified (Lehman et al. 2020; Lenski et al. 2003; Agtiera y Arcas
et al. 2024), alongside work on the definition of open-endedness (Hughes et al. 2024). On the
computational side the relevant results are the constraint arguments of computational mechanics,
the information bottleneck and work on emergence (Shalizi and Crutchfield 2001; Tishby et al.
2000; Rosas et al. 2024). An open question is whether the necessity, contingency and reachability
of a secondary function can be predicted from the structure of the generating process before the
process is run.

The results provide a practical check. A claim that a system must have acquired a capability be-
cause it predicts well should state the excess loss it tolerates, the interface through which the ca-
pability would be used, and the horizon over which prediction is scored, since in this construc-
tion each of the three alone can reverse the conclusion. Instruction-tuned systems have also been
trained directly toward behaviours later described as consequences of prediction (Ouyang et al.
2022), and this must be separated as well before such a claim can be evaluated.
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