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Abstract

The neurons that carry a memory change from day to day while behaviour stays the same, and
recent work proposes that mesoscale electric fields act as guard rails that keep the representation
stable. We make the proposal geometric. The field fiber of a state is the set of neural states that
produce the same field. For current-dipole sources in two laminae beneath a recording plane, the
field map is diagonal in spatial frequency; its exact fiber is the redistribution of activity within each
patch plus a laminar ambiguity of one direction per spatial mode, 87.5% of all state directions. Sen-
sor noise of 1% on a plane 0.25 mm above the sources hides every spatial mode with wavelength
below 0.37 mm and enlarges the fiber to 95.4%. Fine binary patterns become invisible exponen-
tially fast, with field error e~ 2™m/L for m periods. In a linear stochastic model a stable field over
drifting neurons arises without feedback, because the field averages fluctuations away. Field feed-
back through the lead field cuts field variance to 0.235 of its passive value and leaves neural drift
almost unchanged. A structured-noise model with no feedback reproduces the feedback model’s
equal-time covariance exactly, so the anticorrelation between variance and field sensitivity can-
not detect feedback. Lagged field autocorrelation and matched perturbations can: an equal-norm
kick relaxes at rate 51 along a field-sensitive direction and 1 along the fiber. Ephaptic neural fields
with Lipschitz rates are well posed, so convex integration can enter only through discontinuous or
set-valued dynamics.

Introduction

Neurons that encode a learned variable are replaced by other neurons over days to weeks while the
animal’s behaviour stays the same. In mouse hippocampus each day’s representation of a familiar
environment used a unique subset of CA1 cells, and the 15-25% of cells shared between days kept
their place fields (Ziv et al. 2013). In posterior parietal cortex the cells informative about a naviga-
tion task changed across days while the population kept statistically similar properties (Driscoll et
al. 2017). Drift has since been reported in visual cortex across areas, layers and cell types (Deitch
et al. 2021) and in piriform cortex, where a classifier trained on the first day approached chance
after 32 days (Schoonover et al. 2021). Reviews ask how stable behaviour survives a changing
code and what drift could be for (Rule et al. 2019; Driscoll et al. 2022). Several answers share a
structure: the code is degenerate, so many population states support the same readout, and noise
or plasticity moves the state within that degenerate set. Drift in posterior parietal cortex is con-
strained far above chance to directions that preserve a linear readout, although a component of
it degrades a fixed readout (Rule et al. 2020). Hebbian/anti-Hebbian networks whose objective
has a degenerate solution space drift by a coordinated random walk through it (Qin et al. 2023).
Low-dimensional latent dynamics in motor cortex stay stable for up to two years while recorded
neurons turn over (Gallego et al. 2020). Related ideas appear in output-null spaces that let mo-
tor cortex prepare without moving (Kaufman et al. 2014), in stable subspaces of heterogeneous
prefrontal working-memory activity (Murray et al. 2017; Druckmann and Chklovskii 2012), and,
much earlier, in the degeneracy of biological systems and neural circuits (Edelman and Gally 2001;
Prinz et al. 2004; Marder and Goaillard 2006).
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Earl K. Miller and Dimitris Pinotsis have proposed a physical candidate for the degenerate set. In
their analysis of prefrontal recordings, electric fields carried information about working-memory
content and could act as guard rails that funnel higher-dimensional variable neural activity along
stable lower-dimensional routes (Pinotsis and Miller 2022). Subsequent work reported evidence
for in vivo ephaptic coupling in memory representations (Pinotsis and Miller 2023), proposed a cy-
toelectric coupling hypothesis in which neural fields are causal down to the cytoskeleton (Pinotsis
et al. 2023), and found that field-to-neuron interactions were stronger than neuron-to-field inter-
actions and correlated with trial-by-trial changes in oscillatory power (Pinotsis and Miller 2026).
The proposal builds on a programme that places working memory in brief oscillatory bursts and
layer-specific rhythms (Lundqvist et al. 2016; Miller et al. 2018). That fields act back on neurons
is established at the cellular level: extracellular fields changed somatic potentials by less than 0.5
mV yet strongly entrained spiking, particularly for fluctuations slower than 8 Hz (Anastassiou et
al. 2011); weak fields within the endogenous range entrained the neocortical slow oscillation, and
feedback fields demonstrated a loop between network activity and field (Fréhlich and McCormick
2010); slow hippocampal activity propagated without synaptic transmission or gap junctions by a
mechanism consistent with ephaptic coupling (Chiang et al. 2019; see also Jefferys 1995; Anastas-
siou and Koch 2015).

The guard-rail picture contains a geometric claim that can be stated exactly. Write the neural state
as z € RY and the field it generates as H (2). The neural states that produce a given field form the
set F p = {z : H(z) = E}, which we call the field fiber. If the field is the variable that matters
and feedback holds it fixed, drift should move the state within the fiber while the field stays put.
We ask three questions about this picture. How large is the fiber for a physically specified field
map, and how much of it comes from the physics of volume conduction, from measurement noise
and from the number of electrodes? Which statistics of neural and field data can distinguish field
stabilization from two simpler explanations of a stable field over drifting neurons, passive aver-
aging and structured noise? And where in this geometry could convex integration, a method for
constructing many wildly oscillating solutions of a single differential relation (Nash 1954; Gromov
1986; De Lellis and Székelyhidi 2009), have anything to say? The answers come from a quasistatic
forward model with explicit singular values, a linear stochastic model with closed-form statistics,
and simulations that check every closed form. The models are minimal and fitted to no record-
ing. No result here shows that any neural population drifts along a field fiber, and the published
electric-field studies enter only through what their abstracts report.

A forward model and its fibers
Sources, field and sensors

Extracellular potentials in cortex arise mostly from transmembrane currents of aligned pyramidal
cells, and at the frequencies of the local field potential gray matter behaves as a homogeneous,
frequency-independent resistive conductor (Buzsdki et al. 2012; Einevoll et al. 2013; Logothetis et
al. 2007). In the quasistatic approximation the potential is linear in the currents, so each neural state
produces a field by superposition (Nunez and Srinivasan 2006; Himéldinen et al. 1993). We model
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a square patch of cortex of side L = 4 mm with periodic boundaries, divided into 32 x 32 patches
of 0.125 mm. Each patch holds two laminae of current-dipole sources separated by d = 0.6 mm,
standing for superficial and deep current sinks of the same columns, and each lamina in each patch
holds ¢ = 4 cell groups. The state z € RY with N = 2-32%.4 = 8,192 lists the dipole amplitudes
of all groups. A dipole layer with Fourier amplitude p(k) produces at height z, above it a potential
with Fourier amplitude proportional to p(k)e *?0, where k = |k is the spatial wavenumber. The
recording plane lies at height & above the superficial lamina, with A = 0.25 mm in the reference
case.

Proposition 1. Let S; and S, be the patch sums of the two laminae, scaled by ¢ /2. The field map
is (k) = (e *"S, (k) + e P+ d G, (k))/+/2, and its nonzero singular values are

s(k) = e "y /1 (1 + e=2kd),

one for each spatial mode, normalized so that s(0) = 1. The map has rank 322 = 1,024, and its
kernel, the exact fiber, has dimension N — 1,024 = 7,168, 87.5% of all state directions. The kernel
is the direct sum of the contrasts among cell groups within a patch (dimension 2 - 322 - 3 = 6,144)
and a laminar ambiguity of one direction per spatial mode, 51 = —e‘kd§2 (dimension 1,024),
which produces zero potential on every plane above the superficial lamina.

Proof. The patch sums are an orthogonal projection whose kernel is the within-patch contrasts.
The Fourier transform diagonalizes the translation-invariant transfer, and for each mode the map
from (S, S,) to ¢ is the row vector (e *" e~*(n+d)) /\/2 of norm s(k), whose kernel is spanned
by (e7#@ —1). The potential of that kernel direction at height z, is proportional to e %% (S, -+
e #1G,) = 0 for every z, > 0. 0

The laminar ambiguity is the planar case of Helmholtz’s observation that sources inside a volume
conductor cannot be recovered from external potentials (Helmholtz 1853; Himaéldinen et al. 1993).
A random deep-lamina source paired with its laminar counterpart produces a potential at most
2.0e-16 of the deep source’s own potential on every plane tested. The within-patch part is the part
that matters for drift: cell groups in the same patch with the same dipole geometry are interchange-
able at any distance, so the field cannot tell which of them carries the current. Explicit construction
of the 256 x 256 map for an 8 X 8 instance confirms the rank, a fiber of dimension 192 and the
singular values of Proposition 1 to 1.5e-15.

Noise and electrodes

With sensor noise ¢ relative to the strongest mode, a spatial mode is measurable only if s(k) > «.
For kd >> 1 this gives the cutoff k_ ~ In(1/v/2¢)/h, and the number of measurable modes is close
to 7(k.L/27)? whenever the cutoff lies well below the patch-grid Nyquist wavenumber (within
13% across the cases tested). Ate = 0.01 and h = 0.25 mm the cutoff is k., = 17.03 rad/mm,
a wavelength of 0.37 mm; 373 of the 1,024 field modes remain, and the noise-limited fiber covers
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95.4% of state directions (Figure 1a). Raising the plane to A = 1 mm leaves 21 modes at the same
noise level.

Electrodes add a third layer. A grid of M electrodes resolves at most M directions, so the mea-
surement fiber contains the physical fiber and every field direction the grid misses. A 10 x 10 grid
with 0.4 mm spacing resolves 100 directions and leaves a measurement fiber of 98.8% (Figure 1b).
Three nested sets therefore have to be kept apart: the exact fiber fixed by the physics of the field,
the larger fiber fixed by noise, and the measurement fiber fixed by electrode count. Only the first is
a property of the brain. A demonstration that many neural states fit the same electrode recordings
mostly measures the third.

Fine structure the field cannot see

The field map smooths. Its kernel e+

makes it a compact operator, and compact operators turn
weak convergence into strong convergence: if a sequence of states g,,, converges weakly to ¢, the
fields H(q,,) converge to H(q) in norm. Any microstructure that averages out at fine scales is

therefore invisible in the limit, whatever its amplitude.

A concrete case shows how fast this happens. Take a graded coarse profile ¢(x) with values be-
tween 0.05 and 0.95 and realize it by a binary microstate ¢,,, () € {0, 1} that is active on the first
fraction ¢ of each of m periods across the domain, the construction of naturally sampled pulse-
width modulation (Figure 1c). The binary state has the right coarse average: at m = 128 its patch
averages differ from those of ¢ by at most 0.0081. Its field differs from that of ¢ only through
the carrier sidebands near wavenumber 2mm,/L, so the relative field error decays as =27/ L,
Fitted slopes are —0.15708 per period at h = 0.1 mm and —0.39268 at h = 0.25 mm, against
—2mh/L = —0.15708 and —0.39270; at h = 0.25 mm the error is 2.3e-3 at m = 16 and 4.3e-6 at
m = 32 (Figure 1d). Two binary realizations at m = 64 that differ by a half-period shift are far

apart as states (relative distance 1.38) and have fields that differ by 3.0e-11.

In the language of Young measures (Ball 1989; Miiller 1999), a sequence of microstates converges
to a family of probability distributions v,, over local states. Because the quasistatic field is linear in
the currents, the limiting field depends on v, only through its barycenter: E = H( [ gdv,). If the
currents are a nonlinear function S of the local state, the field depends on | S(gq) dv,, still a single
moment of the distribution. Every pair of microstate distributions with the same mean current
produces the same field. In this sense the field fiber of a coarse state is enormous: it contains every
fine-scale arrangement of activity, binary or graded, with the right local averages, the fine phase
mixtures familiar from the theory of microstructure (Ball and James 1987).

Dynamics with and without field feedback

The model

Let the state fluctuate around a memory pattern z* with leak rate a and white noise of intensity ¢,
and let the field feed back:
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Figure 1: Geometry of the field fiber. (a) Singular value s(k) of the field map for recording planes at
four heights above the superficial lamina, with noise levels ¢ of 0.1, 0.01 and 0.001 and the Nyquist
wavenumber of the patch grid. (b) Number of state directions resolved by grids of 16 to 1,024
electrodes at two noise levels, with the exact field rank and the noise-limited count for € = 0.01.
(c) A binary microstate with 16 periods across the domain whose local duty cycle follows a graded
profile q. (d) Relative field error of binary microstates against the number of periods m, at two
plane heights, with the predicted slope —27h/ L.
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dz=—la(z —2*) + gH"H(z — 2*)| dt + \/q dW.

The feedback term is the gradient of the field error 1g|H(z — z*)|?: it corrects deviations that
change the field and leaves the fiber free, the structure that optimal feedback control predicts for
redundant motor tasks (Todorov and Jordan 2002) and that the uncontrolled-manifold analysis
looks for in motor variability (Scholz and Schéner 1999). Using H' for the coupling from field to
sources is natural by reciprocity, since the adjoint of a lead field describes how a field pattern at
the sensors maps back onto the sources (Plonsey 1963), but none of the results below depends on
its biophysical exactness. We take a = 1, g = 50 and ¢ = 2, so that unstabilized directions have
unit stationary variance, and a smooth memory pattern (a Gaussian bump of width 0.5 mm in both
laminae) with |2*|? equal to 0.3 of the total stationary variance.

Proposition 2. The fluctuation z — z* is an Ornstein—Uhlenbeck process (Gardiner 2009). Along a
right singular direction of H with singular value s it has relaxation rate a+ gs* and stationary vari-
ance ¢/[2(a + gs?)]; along the fiber the rate is a and the variance ¢/2a. The stationary covariance
is ¥ = 4(al + gH"H) . The neural similarity between states separated by a lag A,

2 - A
s.(a)= Pt Ee
Z EEES o

with \; the rates of all IV directions, and the analogous field similarity Sp(A) with each term
weighted by s?, follow in closed form.

A stable field over drifting neurons needs no feedback

Without feedback (¢ = 0), the neural similarity falls from 0.977 at a lag of 0.03 to 0.231 at long
lags, while the field similarity levels off at 0.993 (Figure 2a). With feedback the neural similarity
at long lags is 0.232 and the field similarity 0.998. Feedback cuts the variance of field fluctuations
to 0.235 of its passive value and changes neural drift by less than one part in a hundred. The
stable field of the passive model comes from averaging: the field map collapses 8,192 independent
fluctuations onto a handful of strongly weighted spatial modes, the field variance is the sum of
squared singular values, 5.89, against a squared field norm of 807 for the memory pattern. Sampled
trajectories reproduce both similarity curves to 7.0e-4. “Stable field, drifting neurons” is therefore
what volume conduction produces from any population whose fluctuations are spread over many
neurons, and observing it says little about feedback.

Statistics that separate field stabilization from its rivals

Equal-time covariance cannot

Field stabilization predicts that directions with high field sensitivity carry little variance. In the
feedback model the stationary variance along a direction falls monotonically with its sensitivity s,
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a rank correlation of —0.99999 across field modes, the shape the uncontrolled-manifold analysis
tests in motor data (Scholz and Schoner 1999).

Proposition 3. The model with no feedback and structured noise, dz = —a(z—z*) dt++v/2a¥X dW
with ¥ the feedback model’s stationary covariance, has the same stationary covariance as the feed-
back model.

Proof. ¥ solves the Lyapunov equation —aX — aX + 2aX = 0 of the structured model. O

Any statistic of single time points, including the anticorrelation of variance with field sensitivity,
the principal components of neural variability and their alignment with the field map, is identical
in the two models (Figure 2c). The structured model needs no field at all: its noise is merely smaller
in field-sensitive directions, as it would be if upstream inputs were themselves organized around
the field’s spatial modes. Simulated with an exact discretization on the explicit 8 x 8 instance, the
two models give variances within 1.7% of the closed forms along all 64 field-sensitive directions
and within 1.3% along the fiber.

Lagged field statistics and matched perturbations can

The models differ in how fast field-sensitive fluctuations relax. In the feedback model the uniform
field mode relaxes at @ + g = 51, and in the structured and passive models every direction relaxes
at a = 1. The simulations recover a rate of 51.1 for the uniform mode with feedback and a mean
of 1.04 over the field-sensitive directions of the structured model. At the level of the measured
field, the autocorrelation of field fluctuations at a lag of 0.1 is 0.905 in the passive and structured
models and 0.721 with feedback (Figure 2b). The contrast is largest for the best-measured, long-

wavelength modes, since feedback acts in proportion to s? and fine modes relax almost as slowly
as the fiber.

A perturbation experiment sharpens the test. Two kicks of equal norm, one along the uniform field
mode and one along a within-patch contrast, decay at rates 51.0 and 1.0 with feedback and at the
same rate withoutit. A perturbation that changes the field and one that does not, matched in neural
magnitude, are the most direct probe of a guard rail, and the prediction is a ratio of relaxation rates
set by the feedback gain.

Nullspace alignment needs its baseline

A natural test asks what fraction of drift lies in directions the recordings cannot see. That fraction
is large under any hypothesis. For increments over a unit lag and a grid of 100 electrodes, the
passive model puts 0.988 of drift energy in the measurement nullspace, exactly the fraction of
state directions the grid cannot resolve, and the feedback model puts 0.992 there (Figure 2d). The
informative quantity is the excess over the isotropic baseline, (A — A;)/(1 — A,), which is 0
without feedback and 0.369 with it at 100 electrodes. Against the exact physical fiber the excess with
feedback is only 0.040, because most field modes have small singular values and feedback barely
stabilizes them. Drift in posterior parietal cortex was found to be constrained toward readout-
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preserving directions while still degrading a fixed readout (Rule et al. 2020), a pattern compatible
with partial stabilization of this kind.

Sufficiency of the field depends on the readout

The strong field hypothesis predicts that once the field is known the remaining neural detail adds
nothing about behaviour, I(B;z | E) ~ 0. For a Gaussian readout B = w2z + noise with noise
standard deviation o, I(B;z | E) = % In[(w'Y, gw + 0%)/0%]. A readout along the uniform
field mode gives zero; a readout with half its weight on a within-patch contrast gives 0.549 nats at
op = 0.5, with or without feedback, and a regression estimate from 40,000 samples gives 0.546.
Conditional information measures where the readout lies relative to the field’s row space. It is
silent on whether the field is stabilized, and it should be paired with the dynamical tests above.

a. stable field, drifting neurons, with or without feedback b. lagged field statistics separate the mechanisms
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Figure 2: Field stabilization and its rivals in the linear model. (a) Similarity of neural states and
of fields between sessions separated by a lag, with and without field feedback; the neural curves
of the two models nearly coincide. (b) Autocorrelation of field fluctuations against lag for the pas-
sive model, the structured-noise model with the feedback model’s covariance, and the feedback
model. (c) Stationary variance along a direction against its field sensitivity s: the feedback and
structured-noise models coincide. (d) Fraction of drift energy over a unit lag lying in the measure-
ment nullspace of electrode grids, with the isotropic baseline.
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Where convex integration could enter

Three kinds of nonuniqueness have appeared. Measurement nonuniqueness belongs to the elec-
trodes. Coarse-graining degeneracy, the exact and noise-limited fibers, belongs to volume con-
duction. The third kind, dynamical nonuniqueness, would mean that the same initial state and
the same inputs admit many solutions of the same equations. Convex integration constructs solu-
tions of this third kind. It began with Nash’s C 1 jsometric embeddings (Nash 1954) and Gromov’s
h-principle (Gromov 1986); applied to the Euler equations written as a differential inclusion, it pro-
duces weak solutions with compact support in time (De Lellis and Székelyhidi 2009), continuous
dissipative flows (De Lellis and Székelyhidi 2013) and, in the end, dissipative solutions below the
Onsager exponent 1/3 (Isett 2018), together with nonunique weak solutions of the Navier-Stokes
equations (Buckmaster and Vicol 2019; see the survey Buckmaster and Vicol 2020). Related con-
structions give Lipschitz solutions of elliptic systems with no regularity (Miiller and Sverdk 2003).
In every case the equations are underdetermined pointwise: a linear differential constraint cou-
pled to a nonconvex set of admissible local states, with room for oscillations along the directions
of the wave cone.

Proposition 4. Consider the ephaptic neural field 70,V = —V +wx* f(V +a¢)+ 1 with ¢ = G[V],
where w is an integrable kernel, § is a bounded linear field operator and f is Lipschitz. For every
bounded initial condition the equation has a unique global solution in L*°.

Proof. The right-hand side is globally Lipschitz on L*°, with constant (1 + |w]; Lip(f)(1 +
|| | G]))/7, and the Picard-Lindel6f theorem in a Banach space gives a unique global solution. [J

The standard Wilson—-Cowan and Amari neural fields with smooth rate functions (Wilson and
Cowan 1972; Amari 1977; Coombes 2005; Bressloff 2012) are therefore well posed with or with-
out ephaptic coupling, and the dynamical nonuniqueness that convex integration produces can-
not occur in them. For a Heaviside rate function the fixed-point argument fails, and existence
needs compactness arguments in a weaker space (Potthast and Beim Graben 2010); this is where
set-valued dynamics, and with them convex-integration constructions, become conceivable. Ki-
netic descriptions of population states and hybrid spiking models whose local states are restricted
to rest, spike and refractory sets have the same structure of a linear constraint and a nonconvex
admissible set.

The field constraint adds nothing to this question. A natural way to bring convex integration to
the field hypothesis is to restrict the oscillations of the construction to those that leave the field
unchanged. The previous section shows that for a smoothing field map this restriction is empty

in the limit: oscillations at wavenumber k change the field by a factor e %"

, so all sufficiently fine
oscillations are field-neutral. Whether a neural h-principle holds, in the sense that every admissible
coarse field state is realized by many microscopically different exact solutions, depends entirely on
the dynamics. It is a question about the wave cone of the neural equations, and the field’s only role

is to make every answer to it invisible at the electrodes.
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What the electric-field hypothesis predicts

The results sort the available explanations of a stable field over drifting neurons by what each
predicts.

¢ Passive averaging. The field is a smoothing map of a high-dimensional state, and any pop-
ulation with spread-out fluctuations has a stable field. Prediction: field fluctuations relax no
faster than neural fluctuations in the fiber, and matched perturbations relax at equal rates.

* Measurement limitation. Apparent degeneracy is mostly the measurement fiber. Prediction:
the fraction of drift in the unobserved directions equals the fraction of unobserved directions,
and it shrinks as electrode density grows toward the noise-limited count.

* Structured noise. Variability is small in field-sensitive directions because inputs are orga-
nized that way. Prediction: the equal-time covariance shows the guard-rail signature, while
lagged field statistics and perturbation responses are those of the passive model.

e Field stabilization. Feedback through the field restores field-changing deviations. Predic-
tion: long-wavelength field fluctuations relax faster than fiber fluctuations, a perturbation
along a field-sensitive direction relaxes faster than an equal-norm perturbation along the
fiber, and drift exceeds the isotropic nullspace baseline.

The published evidence fits more than one of these. Information about memory content in the
field, a stable latent space and a strong field-to-neuron coupling estimate (Pinotsis and Miller 2022,
2026; Pinotsis and Miller 2023) are what field stabilization predicts, and the first two are also what
passive averaging and structured noise predict. The discriminating measurements are dynamical.
Estimating the lead field from current-source density or a biophysical forward model (Einevoll et
al. 2013; Lindén et al. 2011) gives the field-sensitive directions; lagged autocorrelations of field
and spiking activity projected on those directions, and closed-loop field perturbations in the style
of the feedback fields of slice experiments (Frohlich and McCormick 2010), then test the relaxation
asymmetry directly. The cellular evidence that fields entrain spiking (Anastassiou et al. 2011; Chi-
ang et al. 2019) makes the asymmetry plausible. Whether it has the size needed to make the field
the variable that a memory occupies is the open quantity, and it is measurable.

Limitations

The forward model is planar, homogeneous and periodic, with two laminae and identical dipole
geometry within a patch; real cortex has folding, heterogeneous conductivity and morphologically
diverse sources, all of which shrink the exact fiber by making some within-patch contrasts visible.
The dynamics are linear, the feedback acts through the adjoint of the field map, and the noise is
white; nonlinear attractor dynamics, plasticity and slow drift of synaptic weights, the mechanisms
emphasized in the drift literature (Rule et al. 2019; Qin et al. 2023), are absent. The memory
pattern and all parameters are illustrative. The convex-integration discussion establishes where
such constructions are excluded and where they could begin; it constructs nothing. The synergetic
reading of field-neuron interaction used in some of the electric-field work (Haken 1983; Pinotsis
and Miller 2023) is compatible with the feedback model but was not modelled separately.
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Reproducibility

The simulation in simulation/ regenerates every number and figure: uv run run_all.py writes
output/results.json and both figures and evaluates 28 internal checks (closed forms against ex-
plicit matrices, sampling and exact stochastic simulation). The claims ledger claims.yaml binds
each reported number to its location in results. json through a recorded execution.
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