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Abstract
A derived object, such as a reaction video, an explainer, a remix or a summary, takes something
from a source and adds something of its own, and its value is usually reported as one number. We
separate four quantities the number collapses. Inherited, independent and interaction value are
identities of one value function, identified by randomizing viewers over four exposures; the exter-
nality on the source is a different causal quantity that needs a different design. Under Blackwell’s
order a derivative that is a garbling of its source cannot raise a Bayesian viewer’s value. Attention
reverses this only when its price attaches to the input stream, and in a needle-in-a-stream model
the reversal has an exact value: a reaction of 25 segments to a source of 90 is worth up to 0.357
more, and between prices of 0.0110 and 0.0385 per segment only the reaction is worth scanning.
For a calibrated viewer the epistemic gain under a Brier score is the variance of the belief update,
and a signal of accuracy 0.7 stops paying once the reported confidence passes 0.90. Shapley allo-
cations are not identified by any experiment; the data identify Harsanyi dividends. In a 16-cell
design for four reaction modules a Shapley share needs 2,133 observations for a standard error of
0.05 standard deviations, a pair dividend 25,600 and the four-way dividend 102,400. A parametric-
bootstrap test of the garbling bound has size 0.08 to 0.11 at the nominal 0.05 and 0.03 to 0.06 at the
nominal 0.025. Three hundred videos in a field experiment detect only effects of about 28% on
views, within-creator randomization misses catalogue spillover, and creator-level randomization
of 30 creators detects only 49%. A sheaf consistency energy is a heterogeneity statistic whose blind
spots are set by its cover: a marginal cover cannot see a pure interaction, with power 0.05 against
0.95 for the homogeneity test.

1. The attribution problem
A derived object takes something from a source and adds something of its own. A reaction video
shows part of a source and talks over it, an explainer retells a paper, a remix reuses a song, a fork
reuses software, a summary compresses a book. What the derived object is worth, and to whom,
is asked in copyright law as a question of transformation and market substitution and in platform
economics as a question of revenue shares, and both ask for one number. The quantities involved
are at least four: what the source already supplied, what the derivative supplies alone, what exists
only in the combination, and what happens to the source and to others because the derivative
exists. They have different causal definitions, different designs that identify them and different
costs in observations.
Reaction videos are the first instance because the source can be observed beside its derivative.
Scholarship on them studies why viewers watch, through the comments under four reaction chan-
nels (Ghosh and Tripathi 2025), and how fair use treats audiovisual critique (Fisher 2021). Neither
measures what a reaction adds to a viewer or takes from a creator. We do not take up the legal ques-
tion: the quantities below are empirical, and whether any of them bears on a legal test is outside
the paper.
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The tools are known. Blackwell’s order compares experiments, rational inattention prices attention,
proper scores measure belief, the Shapley value and the Harsanyi dividends divide a game, partial
information decomposition splits amutual information, and interventional versions of the Shapley
value use the do-operator (Blackwell 1953; Sims 2003; Gneiting and Raftery 2007; Shapley 1953;
Harsanyi 1959; Williams and Beer 2010; Janzing et al. 2019; Witter et al. 2026). The literature
reviewed for this paper contains no treatment of derivative media with them; that is a statement
about that literature and not a claim of priority. What the paper adds is their assembly into one
measurement program, the exact calculations where an exact calculation exists, and the cost in
observations of each proposed estimator.
Inherited, independent and interaction value are identities of one value function and are identified
by randomization; the interaction is reported before any split of it. A derivative that is a garbling of
its source cannot add value for an unconstrained Bayesian viewer, and attention-mediated value
requires a price on the input. Epistemic gain under a proper score decomposes into resolution and
miscalibration. The empirical test of the garbling bound is a boundary problem with a sample-
size-dependent null. Shapley allocations are not identified, partial information decomposition has
a finite-sample bias that sets its sample size, and the 16-cell design resolves shares andmain effects
at feasible sample sizes but not high-order dividends. Field designs identify the source externality
only up to catalogue spillover and with limited power. A sheaf consistency energy detects only
what its cover lets it detect.

2. Four quantities
Let 𝐶 be a source object and 𝑅 a reaction layer, an operation that selects, compresses, comments
on and reframes the source. The derived object, written 𝐶𝑅, is the result of applying 𝑅 to 𝐶 . For
a viewer 𝑖 with context 𝑥, let 𝑌𝑖(𝜔) be the outcome vector under exposure 𝜔 ∈ {∅, 𝐶, 𝑅, 𝐶𝑅}:
nothing, the source alone, the reaction layer without the source footage, and the derived object.
The viewer-side outcomes are epistemic value 𝐸, hedonic value 𝐻 , social and affective value 𝑆,
attention efficiency 𝐴 and discovery of the source or its creator 𝐷. A further family belongs to a
different unit: the outcomes of the source, such as its views, watch time and revenue, gathered in
𝑀 .
The primitive quantity is a vector:

Δ𝑅(𝑥) = 𝔼[Y ∣ 𝑑𝑜(𝐶𝑅), 𝑥] − 𝔼[Y ∣ 𝑑𝑜(𝐶), 𝑥].

A weight vector 𝑤 turns it into a value, 𝑣𝑤(𝜔) = 𝑤⊤𝔼[Y(𝜔) ∣ 𝑥]. Choosing 𝑤 states how much
enjoyment weighs against learning or against creator revenue and is a normative act. Estimating
Y(𝜔) is empirical and does not depend on 𝑤.
Four quantities are usually collapsed. Inherited value is 𝑣(𝐶) − 𝑣(∅), what the source supplies.
Independent value is 𝑣(𝑅) − 𝑣(∅), what the reaction layer supplies alone. Interaction value is the
Möbius coefficient
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Γ𝐶𝑅 = 𝑣(𝐶𝑅) − 𝑣(𝐶) − 𝑣(𝑅) + 𝑣(∅),

what exists only in the combination. Externality is the effect of the existence of 𝐶𝑅 on outcomes
elsewhere, Δ𝑀 = 𝔼[𝑀 ∣ 𝐶𝑅 exists] − 𝔼[𝑀 ∣ 𝐶𝑅 absent]. The first three are identities of one
value function:

𝑣(𝐶𝑅) − 𝑣(∅) = [𝑣(𝐶) − 𝑣(∅)] + [𝑣(𝑅) − 𝑣(∅)] + Γ𝐶𝑅,

so the contribution of the reactor given the source is its independent value plus the interaction,
𝑣(𝐶𝑅) − 𝑣(𝐶) = [𝑣(𝑅) − 𝑣(∅)] + Γ𝐶𝑅, and the contribution of the source given the reactor
is its inherited value plus the same interaction. The two-player Shapley value gives the reactor
[𝑣(𝑅) − 𝑣(∅)] + Γ𝐶𝑅/2 and the source [𝑣(𝐶) − 𝑣(∅)] + Γ𝐶𝑅/2: it splits the interaction in half
whatever its size. Γ𝐶𝑅 is an observable quantity and should be reported before any split.
Randomizing viewers over the four exposures identifies every 𝔼[Y(𝜔) ∣ 𝑥], hence Γ𝐶𝑅 and the
inherited and independent values, for any 𝑤. The externality needs units on the source’s side and
a design in which the existence of the reaction varies independently of the source’s characteristics.
The two are different causal quantities: value created for viewers, and value displaced from or
promoted to creators. A reaction can create value for every viewer while displacing the creator’s
own audience, and the sign of one says nothing about the sign of the other.

3. Information and decision theory
3.1 The garbling bound

Treat an exposure as a statistical experiment: a row-stochastic matrix 𝜅 from the state of the world
𝜃 ∈ Θ to the viewer’s resulting signal 𝑧.
Proposition 1. If 𝜅𝐶𝑅 = 𝜅𝐶𝐺 for a row-stochastic matrix𝐺, then for every finite decision problem
(𝒜, 𝑢, 𝜋) a Bayesian viewer without processing costs obtains at most as high an expected utility
from 𝐶𝑅 as from 𝐶 .
Proof. Let 𝛿 be any decision rule on the signals of 𝐶𝑅. Define the rule 𝛿′(𝑧) = ∑𝑧′ 𝐺(𝑧, 𝑧′)𝛿(𝑧′)
on the signals of 𝐶 . Its expected utility under 𝜅𝐶 equals that of 𝛿 under 𝜅𝐶𝐺 = 𝜅𝐶𝑅. Hence the
optimal value under 𝐶 is at least that under 𝐶𝑅. □
Blackwell’s theorem is the converse: if𝐶 isworth at least asmuch as𝐶𝑅 in every decision problem,
a garbling exists (Blackwell 1953). When 𝑉 (𝐶𝑅) > 𝑉 (𝐶) for a viewer, at least one hypothesis of
Proposition 1 fails: 𝐶𝑅 is not a garbling of 𝐶 and adds information, the viewer faces processing
costs, or utility depends on something besides the action and the state, namely enjoyment, social
value or the frame in which the information arrives (Tversky and Kahneman 1981). AMonte Carlo
check on 20,000 random experiments, garblings and decision problems found no violation beyond
rounding error.



The Attribution Problem 5

3.2 When attention reverses the ranking

Rational inattention charges the viewer for information, and the form of the charge decides the
answer. Costs defined on the information structure the viewer ends up with, such as the Shannon
and the posterior-separable costs, are the standard ones, and they give choice rules such as the
generalizedmultinomial logit (Sims 2003; Matějka andMcKay 2015; Caplin and Dean 2015; Caplin
et al. 2022; Maćkowiak et al. 2023).
Proposition 2. (a) If the viewer chooses among the information structures available from an expo-
sure and pays a cost that depends only on the structure chosen, and 𝜅𝐶𝑅 = 𝜅𝐶𝐺, then 𝑉𝜆(𝐶) ≥
𝑉𝜆(𝐶𝑅) for every attention price 𝜆. (b) If the price attaches to the input stream, there are exposures
with 𝜅𝐶𝑅 = 𝜅𝐶𝐺 and 𝑉𝜆(𝐶𝑅) > 𝑉𝜆(𝐶).
Proof. (a) The structures available from an exposure are the garblings of its kernel. A garbling of
𝜅𝐶𝑅 = 𝜅𝐶𝐺 is a garbling of 𝜅𝐶 , so the feasible set of 𝐶𝑅 is contained in that of 𝐶 and the same
cost function is maximized over a smaller set. (b) The needle model below. □
Aviewerwhomaximizes expected utilityminus a cost on her attention policy therefore cannot pre-
fer the garbling when the cost is a function of the information she acquires, since she can replicate
the garbling from the richer source. The familiar case of a reactor who turns a difficult 90-minute
video into an understandable 25-minute one needs the price to attach to the stream.
The needle model. The state 𝜃 ∈ {0, 1} is equally likely. The source is a stream of 𝑇 segments, one
of which, at a uniformly random position, reveals 𝜃; the others are noise. Processing a segment
costs 𝜆 in utility. The viewer then chooses an action and receives 1 if it matches 𝜃. After scanning 𝑘
segmentswithout finding the needle her belief is unchanged, and the value of scanning 𝑘 segments
and then guessing is 1

2 + 𝑘
2𝑇 − 𝜆[𝑘(𝑘+1)

2𝑇 + 𝑘(𝑇 −𝑘)
𝑇 ], which is convex in 𝑘. The optimum is therefore

at 𝑘 = 0 or 𝑘 = 𝑇 :

𝑉𝜆(𝑇 ) = max{1
2 , 1 − 𝜆(𝑇 +1)

2 }.

The reactor sees the whole stream, finds the needle and replays it in a derived stream of 𝑇 ′ < 𝑇
segments. The derived stream is a function of the source stream, so its kernel is a garbling of the
source’s. Its value is 𝑉𝜆(𝑇 ′). The gain 𝑉𝜆(𝑇 ′) − 𝑉𝜆(𝑇 ) equals 𝜆(𝑇 − 𝑇 ′)/2 for 𝜆 ≤ 1/(𝑇 + 1),
equals 1

2 − 𝜆(𝑇 ′ + 1)/2 for 1/(𝑇 + 1) < 𝜆 ≤ 1/(𝑇 ′ + 1), and is zero beyond. It is non-decreasing
in the source length 𝑇 , strictly increasing until the viewer abandons the source at 𝑇 = 1/𝜆−1 and
constant afterwards. This is the content of attention-mediated value: it needs a price on the input
and a derived object that is cheaper to process than the source while carrying the same information
about the state.
For 𝑇 = 90 and 𝑇 ′ = 25 the source is scanned only at prices up to 1/91 = 0.0110 and the reaction
up to 1/26 = 0.0385. The gain peaks at 65/182 = 0.357 at the price 1/91 and falls to zero at 1/26
(Table 1, Figure 1). Backward induction over the number of segments scanned reproduces the
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closed form to machine precision, and scanning an intermediate number of segments never beats
the better of 𝑘 = 0 and 𝑘 = 𝑇 .

Table 1: Value of a source of 90 segments and of a reaction
of 25 segments carrying the same information, by price of
attention per segment.

price 𝜆 value of the source value of the reaction gain
0.002 0.909 0.974 0.065
0.005 0.773 0.935 0.163
0.01 0.545 0.870 0.325
0.02 0.500 0.740 0.240
0.03 0.500 0.610 0.110
0.05 0.500 0.500 0.000

Figure 1: The needle model. (a) Value of the source stream and of the reaction stream against the
price per segment; between the two thresholds only the reaction is worth scanning. (b) Value of
the reaction minus value of the source against the source length, at three prices: the gain rises with
the difficulty of the source and then stays constant once the viewer abandons the source.

3.3 Epistemic gain under a proper score

Epistemic value should be measured by prediction; a self-rated sense of having learned is a differ-
ent quantity. Before exposure the viewer states a probability 𝑞0 that an event 𝑦 ∈ {0, 1} occurs,
after exposure 𝑞1, and each is scored by the Brier score (𝑞 − 𝑦)2, a strictly proper rule (Brier 1950;
Gneiting and Raftery 2007). The epistemic gain is Δ𝐸 = 𝐵𝑆𝑝𝑟𝑒 − 𝐵𝑆𝑝𝑜𝑠𝑡.
Proposition 3. Let 𝑝0 = 𝑃(𝑦 = 1 ∣ ℱ0) and 𝑝1 = 𝑃(𝑦 = 1 ∣ ℱ1) be the Bayesian beliefs
of a viewer before and after exposure, ℱ0 ⊂ ℱ1, and let 𝑞0 be ℱ0-measurable and 𝑞1 be ℱ1-
measurable reports. Then
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𝔼(𝑞0 − 𝑦)2 − 𝔼(𝑞1 − 𝑦)2 = 𝔼(𝑝1 − 𝑝0)2 + 𝔼(𝑞0 − 𝑝0)2 − 𝔼(𝑞1 − 𝑝1)2.

Proof. For anℱ𝑡-measurable 𝑞, 𝔼(𝑞−𝑦)2 = 𝔼(𝑝𝑡−𝑦)2+𝔼(𝑞−𝑝𝑡)2, because𝔼[(𝑝𝑡−𝑦)(𝑞−𝑝𝑡)] = 0.
For the Bayesian beliefs, 𝔼(𝑝0 −𝑦)2 −𝔼(𝑝1 −𝑦)2 = 𝔼(𝑝1 −𝑝0)2 because 𝔼[(𝑝1 −𝑦)(𝑝1 −𝑝0)] = 0.
Combining the two gives the identity. □
For a calibrated viewer the expected Brier gain is the variance of her belief update, the resolu-
tion term of the Brier decomposition (Murphy 1973), a term closely related to the refinement used
to compare forecasters (DeGroot and Fienberg 1983). The other two terms measure miscalibra-
tion, and a reactor who persuades without informing, by pushing reported beliefs away from the
Bayesian ones, makes the last term positive and the gain smaller or negative. The identity holds to
rounding error on 2,000 random finite probability spaces with arbitrary reports. For a symmetric
binary signal of accuracy 𝑎 about an event of prior probability one half, reported with confidence
𝑝 in the signalled state, the gain is 1

4 − 𝑎 + 2𝑎𝑝 − 𝑝2, which equals (𝑎 − 1
2)2 at 𝑝 = 𝑎 and falls

to zero at 𝑝 = 2𝑎 − 1
2 when 𝑎 < 3

4 . At 𝑎 = 0.7 the calibrated gain is 0.040 and the break-even
confidence is 0.90, a log-odds scaling of 2.59 of the calibrated report; the log score punishes over-
confidence harder, with break-even at 0.86. At 𝑎 = 0.8 the Brier gain stays positive even for a
report of certainty, and the log score breaks even at 0.96 (Figure 2).

Figure 2: Gain from a signal of known accuracy against the confidence reported in the signalled
state. (a) Brier gain; dots mark calibrated reports. (b) Log-score gain in bits.

3.4 Testing the garbling bound

Estimate the response channels 𝐾𝐶(𝜃, 𝑧) and 𝐾𝐶𝑅(𝜃, 𝑧′) from viewers’ reports in each state and
condition, and measure how far the derived channel is from the set of garblings of the source
channel:

𝑑𝐵 = min
𝐺

∑
𝜃

𝜋𝜃 KL(𝐾𝐶𝑅(𝜃, ⋅) ‖ (𝐾𝐶𝐺)(𝜃, ⋅)),
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with 𝐺 over row-stochastic matrices and KL the Kullback-Leibler divergence (Cover and Thomas
2006). The objective is convex in 𝐺, and the minimum is found by the expectation-maximization
algorithm (Dempster et al. 1977) with extrapolation to speed convergence; its output satisfies the
optimality conditions to 2 × 10−16 and is never above a general-purpose optimizer. Here 𝑑𝐵 = 0
if and only if the derived responses are a garbling of the source responses.
The plug-in estimate is positive under the null because the estimated channels are noisy, and the
null sits on the boundary of the set of garblings, so the usual chi-square limit does not apply (Self
and Liang 1987). We test with a parametric bootstrap that draws both samples from the source
channel at its estimate and the derived channel at the fitted garbling (Efron and Tibshirani 1993).
In the simulation the source channel has two states and three report levels, with probabilities 0.5,
0.3 and 0.2 in one state and the reverse in the other, and the derived object adds a binary signal
of accuracy 𝑏, so that its alphabet has six symbols; 𝑏 = 0.5 is the null. The population distance is
0.0056 nats at 𝑏 = 0.6, 0.0223 at 0.7, 0.0664 at 0.8 and 0.174 at 0.9.
Under the null the mean plug-in distance is 0.0078 nats at 100 responses per state and condition,
0.0025 at 300, 0.00075 at 1,000 and 0.00027 at 3,000. At 100 responses the noise alone exceeds the
population distance of a reactor who adds a signal of accuracy 0.6, so a fixed threshold on the plug-
in value cannot separate a garbling from a mild addition. The bootstrap test is anti-conservative:
with 1,000 replicates per cell its size at the nominal 0.05 is 0.105, 0.084, 0.075 and 0.093 at 100, 300,
1,000 and 3,000 responses, at the nominal 0.025 it is 0.056, 0.042, 0.028 and 0.041, and at the nominal
0.01 it is 0.018, 0.013, 0.010 and 0.014. We recommend the nominal 0.025 for a test of size near 0.05.
At that level power against a reactor adding a signal of accuracy 0.6 is 0.16 at 100 responses, 0.42 at
300 and 0.92 at 1,000; against 0.7 it is 0.47, 0.95 and 1.00; against 0.8 it is 0.93, 1.00 and 1.00 (Figure
3). We did not derive the finite-sample law of the statistic; the excess size is the kind of distortion
that a null on the boundary of the model produces.

4. Interaction and allocation
With 𝑛 modules of the reaction layer present or absent, the value function 𝑣 is defined on the
2𝑛 subsets. The Harsanyi dividends (Harsanyi 1959) are the Möbius transform of 𝑣 (Rota 1964;
Grabisch 2016),

𝑑𝑇 = ∑
𝑆⊆𝑇

(−1)|𝑇 |−|𝑆|𝑣(𝑆), 𝑣(𝑆) = ∑
𝑇 ⊆𝑆

𝑑𝑇 ,

and the Shapley value (Shapley 1953) is the sum of each dividend shared equally among its mem-
bers, 𝜙𝑗 = ∑𝑇 ∋𝑗 𝑑𝑇 /|𝑇 |. A dividend 𝑑𝑇 is the value that exists only when all modules of 𝑇
are present. Shapley values attribute a model’s prediction to its inputs (Lundberg and Lee 2017),
and interventional versions of them use the value function 𝑣(𝑆) = 𝔼[𝑌 ∣ 𝑑𝑜(𝑆)] (Janzing et al.
2019; Heskes et al. 2020; Witter et al. 2026); in a randomized experiment that function is measured
directly in every cell, and the do-Shapley value is the Shapley value of the measured game.
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Figure 3: Empirical Blackwell test. (a) Population distance to the set of garblings against the accu-
racy of the signal the reactor adds. (b) Mean plug-in distance under the null against the number
of responses; dashed lines are the population distances at accuracy 0.6 and 0.7. (c) Rejection rate
under the null at three nominal levels. (d) Power at the nominal 0.025.
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Proposition 4. The cell means identify the dividends. Any rule that assigns each dividend 𝑑𝑇 to
the modules of 𝑇 in shares summing to one is consistent with the same data, and different rules
give different allocations.
Proof. The dividends are linear functions of the cell means, so they are identified when the cell
means are. The allocation rule is not a function of the data beyond the dividends; Shapley takes
shares 1/|𝑇 | and a rule proportional to the stand-alone effects takes other shares. □
The Shapley allocation therefore adds a rule to the measurement. Take a scenario with four mod-
ules, source selection and compression 𝑄, interpretive commentary 𝐼 , affective reaction 𝐴 and
editorial operations 𝐸, and the dividends of Figure 5a: main effects of 0.10, 0.30, 0.45 and 0.05
standard deviations for 𝑄, 𝐼 , 𝐴 and 𝐸, a pair dividend of 0.15 for 𝑄 and 𝐼 , of −0.10 for 𝐼 and 𝐴
and of 0.05 for 𝐼 and 𝐸, and a triple dividend of 0.05 for 𝑄, 𝐼 and 𝐴. Their sum, the value of all
modules together, is 1.05. The Shapley shares are 0.192 for 𝑄, 0.367 for 𝐼 , 0.417 for 𝐴 and 0.075
for 𝐸. Adding each module’s main effect to its share of the 𝑄, 𝐼 dividend gives 0.175 for 𝑄 and
0.375 for 𝐼 under an equal split and 0.138 and 0.413 under a split in proportion to their stand-alone
effects: the same data, a different allocation. Reporting the dividends leaves the allocation to the
reader.
The same logic applies to a split of a reactor into information and persona by a neutral-information
arm. Let 𝑈0 be the source alone, 𝑈𝑁 the source with the same proposition delivered neutrally, and
𝑈𝑅 the source with the reactor delivering it. The contrasts 𝑈𝑁 − 𝑈0 and 𝑈𝑅 − 𝑈𝑁 add to 𝑈𝑅 − 𝑈0
by construction, and read as information and persona they are one of two orders. With a fourth
arm𝑈𝑃 , personawithout the proposition, the other order gives𝑈𝑃 −𝑈0 and𝑈𝑅−𝑈𝑃 , and the two
orders differ by the interaction (𝑈𝑅 − 𝑈𝑁) − (𝑈𝑃 − 𝑈0) = 𝑑𝐼𝐴, the dividend of the information
and persona modules. The decomposition is clean only if 𝑑𝐼𝐴 = 0, and the fourth arm is what
shows whether it is.

5. Information decomposition
For a viewer outcome 𝑌 and two content variables, the source content 𝐶 and the reaction content
𝑅, themutual information splits into four parts, 𝐼(𝐶, 𝑅; 𝑌 ) = 𝑅𝑒𝑑+𝑈𝑛𝑞𝐶 +𝑈𝑛𝑞𝑅 +𝑆𝑦𝑛. In the
reaction setting these are the repetition of what the source already carries (a reactor who says “yes,
that is right”), a fact only the source supplies, a fact only the reactor supplies, and information that
exists only in the juxtaposition, as when commentary makes a source intelligible. The split is not
unique. The redundancy measure of Williams and Beer compares the amounts of information the
sources carry about each outcome and not whether it is the same information, and the measure of
Bertschinger and colleagues, BROJA, defines unique information as the minimum of a conditional
mutual information over the joint distributions with the same pairwise marginals 𝑃(𝑌 , 𝐶) and
𝑃(𝑌 , 𝑅) (Williams and Beer 2010; Bertschinger et al. 2014). We use BROJA because redundancy
should mean the same information. SURD, which decomposes the causal influence of lagged vari-
ables into the same three kinds of component, needs time structure that the one-shot experiments
below do not have (Martínez-Sánchez et al. 2024). Multivariate decompositions remain unsettled,
and the analysis stays at two sources.
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On the standard cases the implementation returns the known values (Table 2): 𝑌 = 𝐶 = 𝑅
is redundant by 1 bit, 𝑌 = (𝐶, 𝑅) with independent bits is unique to each source by 1 bit, the
exclusive-or is synergistic by 1 bit, and the conjunction splits into 0.311 bits of redundancy and 0.5
bits of synergy.

Table 2: BROJA decomposition in bits of standard joint dis-
tributions of binary variables.

case redundant unique to 𝐶 unique to 𝑅 synergistic
𝑌 = 𝐶 = 𝑅 1.000 0.000 0.000 0.000
𝑌 = 𝐶 0.000 1.000 0.000 0.000
𝑌 = (𝐶, 𝑅) 0.000 1.000 1.000 0.000
𝑌 = 𝐶 xor 𝑅 0.000 0.000 0.000 1.000
𝑌 = 𝐶 and 𝑅 0.311 0.000 0.000 0.500

Plug-in estimates are biased upward. When 𝐶 , 𝑅 and 𝑌 are independent, the first-order bias of
the combination of mutual informations that the synergy contains is (|𝐶| − 1)(|𝑅| − 1)(|𝑌 | −
1)/(2𝑛 ln 2) bits (Treves and Panzeri 1995; Paninski 2003). In simulation the plug-in BROJA syn-
ergy of independent variables with alphabets of 3, 3 and 2 is 0.081 bits at 50 responses, 0.043 at 100,
0.011 at 300, 0.0033 at 1,000 and 0.0012 at 3,000, about one and a half times the first-order formula at
100 responses; with binary variables it is 0.020, 0.0086, 0.0046, 0.0010 and 0.0004 bits. The formula
puts the sample size at which the bias falls to 0.01 bits at 72 responses for alphabets of 2, 2 and 2,
577 for 3, 2 and 5, 4,617 for 5, 5 and 5 and 15,581 for 7, 7 and 7, to the nearest integer (Figure 4).
The noise matters more than the bias in the useful range: for an exclusive-or with 10% flip noise,
whose true synergy is 0.531 bits, the standard deviation of the plug-in estimate is 0.154 bits at 50
responses, 0.048 at 300 and 0.018 at 3,000. With noise of that size synergy should not be the only
primary endpoint.

6. Designs and what they resolve
6.1 The controlled factorial experiment

Decompose the reaction into modules, source selection and compression 𝑄, interpretive commen-
tary 𝐼 , affective and social reaction 𝐴 and editorial operations 𝐸, and randomize every viewer-
item over the 16 combinations. The cell means give the dividends and the Shapley shares of all
four modules by arithmetic. Their sampling variance is known in closed form. A dividend of |𝑇 |
modules is a signed sum of 2|𝑇 | cell means, so with𝑁 observations spread over 16 cells its variance
is 16 𝜎22|𝑇 |/𝑁 ; the Shapley share of one module has squared coefficient norm 1/3 and variance
16 𝜎2/(3𝑁).
A standard error of 0.05 standard deviations of the outcome therefore needs 2,133 observations for
a Shapley share, 12,800 for a main-effect dividend, 25,600 for a pair, 51,200 for a triple and 102,400
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Figure 4: Partial information decomposition. (a) BROJA components of standard cases. (b) Mean
plug-in synergy against the number of responses when the truth is zero, for binary variables and
for alphabets of 3, 3 and 2; dashed lines are the first-order formula. (c) Responses needed for a bias
of 0.01 bits against the alphabet sizes of 𝐶 , 𝑅 and 𝑌 .

for the four-way dividend. A power of 0.8 against a dividend of 0.2 standard deviations needs
1,047 observations for a Shapley share, 6,279 for a main effect, 12,558 for a pair, 25,116 for a triple
and 50,233 for the four-way (Table 3). At 3,000 observations the standard errors are 0.042, 0.103,
0.146, 0.207 and 0.292 standard deviations for the five estimands, at 15,000 they are 0.019, 0.046,
0.065, 0.092 and 0.131, and at 25,000 they are 0.015, 0.036, 0.051, 0.072 and 0.101. A Monte Carlo
check with 20,000 replicates of the cell means agrees with the formulas to within 1%. The four-
way dividend enters the Shapley share of each module with weight 1/4, so a design that cannot
estimate it leaves a bias of up to a quarter of its size. A half-fraction of eight cells identifies at most
eight of the sixteen dividends, so the Shapley share can then be computed only under assumptions
about the others (Collins et al. 2009).

Table 3: Observations needed in the 16-cell design, with cells
randomized per observation.

estimand squared coefficient
observations for SE

0.05 SD
observations for 80%

power, 0.2 SD
Shapley share 1/3 2,133 1,047
main-effect dividend 2 12,800 6,279
pair dividend 4 25,600 12,558
triple dividend 8 51,200 25,116
four-way dividend 16 102,400 50,233

Viewers and stimuli are sampled, so the outcomes have crossed random effects (Gelman and Hill
2007), and conventional power calculations that ignore them mislead (Judd et al. 2012; Westfall
et al. 2014). In a simulation with 600 viewers each seeing five items on 40 stimuli, with variance
shares of 0.30 for viewers, 0.10 for stimuli and 0.60 for the residual, the cell-mean estimator of the
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Shapley share of 𝐼 has a standard deviation of 0.0409 against 0.0422 from the formula, so viewer
and stimulus effects add sampling variance equal to additive noise. A least-squares estimator that
absorbs viewer and stimulus effects has 0.0372, a variance ratio of only 1.21: five items per viewer
in randomized cells give little within-viewer information. The sample size should come from a
simulation with the planned structure, and the formulas above set its floor.

Figure 5: The 16-cell design. (a) Dividends of the reference scenario. (b) Shapley shares and the
allocation of the 𝑄, 𝐼 dividend under a proportional rule. (c) Observations needed for a standard
error of 0.05 standard deviations.

6.2 The field experiment

In the field experiment source creators are recruited, eligible videos are randomized to receive a
reaction or not, and the originals are measured. Randomization identifies a causal effect of the re-
action on the source only for the outcome and the unit at which the assignment varies. Withwithin-
creator randomization the unit is the video, and the standard error of the effect on log views with
a baseline covariate is 𝜎𝑤√(1 − 𝜌2)/(0.25 𝑛 (1 − 1/𝑚)) for 𝑛 videos, a within-creator standard
deviation 𝜎𝑤, baseline correlation 𝜌 and 𝑚 eligible videos per creator. With 𝑚 = 10, 𝑛 = 300,
𝜎𝑤 = 1.0 and 𝜌 = 0.7 the minimum detectable effect at a power of 0.8 and a two-sided level of
0.05 is 0.244 log points, 27.6% in views; a simulation reproduces the standard error (0.0842 against
0.0869). Across the grid with 𝑚 = 10, 𝜎𝑤 from 0.8 to 1.2 and 𝜌 from 0.5 to 0.8, the minimum
detectable effect is 33% to 85% at 100 videos, 18% to 43% at 300 and 9.4% to 21% at 1,000; detect-
ing a 10% effect needs between 885 and 4,147 videos. A field experiment of 100 to 300 videos is
informative only if the effect on views is large.
Within-creator randomization does not identify the effect on a creator’s whole catalogue. Spillover
across a creator’s catalogue breaks the assumption of no interference (Hudgens andHalloran 2008).
Let a reaction to one video raise the other videos of the same creator by 𝛿 per unit share of those
videos treated, and let the effect on the treated video be 𝜏 . Then the within-creator estimate con-
verges to 𝜏 − 𝛿/(𝑚 − 1), which is neither 𝜏 nor the total effect 𝜏 + 𝛿 of a reaction to the whole
catalogue. With 𝜏 = 0.10, 𝛿 = 0.15 and 𝑚 = 10 the within-creator estimate is 0.084 in simulation
(0.083 analytic) against a total of 0.25. Randomizing at the creator level identifies the total effect,
0.250 in simulation, but with 30 creators the standard deviation of the estimate is 0.142 log points
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and the minimum detectable effect is 0.397 log points, 48.7% (Figure 6). Effects on subscribers,
catalogue viewing and revenue are creator-level outcomes and share that limit. Staggered reac-
tion dates within the experiment call for event-study estimators that allow heterogeneous effects
(Sun and Abraham 2021; Callaway and Sant’Anna 2021). The causal framework is the potential-
outcomes one (Rubin 1974; Pearl 2009; Imbens and Rubin 2015).

6.3 Dose

Randomizing the share 𝑞 of the source that the reaction reproduces over four arms, 𝑞 ∈
{0.1, 0.3, 0.6, 0.9}, lets the combined curve 𝑉𝑣𝑖𝑒𝑤𝑒𝑟(𝑞) + 𝑀𝑠𝑜𝑢𝑟𝑐𝑒(𝑞) be estimated at four points;
its maximum is located only to the grid unless a parametric curve is assumed. In the simulation
outcomes have unit standard deviation per video, the arm 𝑞 = 0.3 is best, the arm 𝑞 = 0.6 is
second best and the other two arms are 0.2 and 0.4 standard deviations below the second best.
With the best arm 0.1 standard deviations above the second best, the probability of identifying it
is 0.71 at 75 videos per arm, 0.81 at 150, 0.89 at 300, 0.95 at 600 and 0.99 at 1,200; with a gap of 0.2 it
is 0.89, 0.96 and 0.99 at 75, 150 and 300; with a gap of 0.3 it is 0.96 at 75 and 0.99 at 150. The result
is an empirical substitution frontier and not a copyright threshold.

Figure 6: The field experiment. (a) Minimum detectable effect on views against the number of
videos for four combinations of within-creator standard deviation and baseline correlation; the
shaded band is 100 to 300 videos. (b) Direct effect, within-creator estimate, total effect and creator-
level estimate under catalogue spillover, with 30 creators and 10 videos each; bars show twice the
standard error of the simulation mean and labels give the standard deviation of one estimate. (c)
Probability of identifying the best of four dose arms against videos per arm.

6.4 The observational graph

A reaction-source graph, with an edge from reaction 𝑅𝑖 to source 𝐶𝑗, can be built from the explicit
source links in descriptions, title mentions, creator names, timing and semantic similarity, with the
explicit links as a gold standard and a classifier trained on them. It describes and replicates; it does
not identify the externality, because reactors choose their sources, and a source that is trending is
more likely to be reacted to and to gain views. The YouNiverse dataset comprises metadata from
over 136k channels and 72.9M videos published between May 2005 and October 2019, weekly
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channel time series and a table of which videos 449M anonymous users commented on (Horta
Ribeiro and West 2021), and the YouTube Researcher Program gives eligible researchers scaled
access to the public data corpus (YouTube 2026). The pairing step needs a validation sample: a
Wilson interval for a precision of 0.95 with a half-width of 0.02 needs 469 pairs, for 0.90 it needs
868 and for 0.98 it needs 223 (Brown et al. 2001). An automated labeler should not decide pairings
unchecked.

6.5 Hypotheses for preregistration

Preregistration fixes hypotheses before data (Nosek et al. 2018). The needle model implies that the
epistemic gain of commentary that compresses the source rises with the difficulty of the source,
𝜕Δ𝐸𝑅/𝜕𝐷𝐶 ≥ 0, strictly until viewers abandon the source; the model does not cover hedonic
gain, which for affective reaction we expect to be unrelated to difficulty. A restream that repeats
the source should be a garbling, 𝑑𝐵 near zero by the bootstrap test at the nominal 0.025, and an
expert reaction should show 𝑈𝑛𝑞𝑅 + 𝑆𝑦𝑛 > 𝑅𝑒𝑑. A reaction that raises reported confidence
without raising resolution should show a lower gain through the last term of Proposition 3.

7. Contextual attribution
Let the context space be the product of genre, expertise, audience and platform. A cover is a family
of contexts {𝑈}; each carries a local attribution vector 𝑠𝑈 , and overlapping contexts must agree on
their overlap through restriction maps 𝜌𝑈,𝑈∩𝑉 . The inconsistency energy is

ℰ(𝑠) = ∑
𝑈∼𝑉

‖𝜌𝑈,𝑈∩𝑉 𝑠𝑈 − 𝜌𝑉 ,𝑈∩𝑉 𝑠𝑉 ‖2,

the quadratic form of a cellular-sheaf Laplacian (Hansen and Ghrist 2019). A global attribution
summary is justified when ℰ is zero.
Proposition 5. With identity restriction maps, ℰ(𝑠) = 𝑠⊤(𝐿 ⊗ 𝐼𝑑)𝑠 where 𝐿 is the Laplacian of the
overlap graph. It is zero exactly when 𝑠 is constant on each connected component. If all contexts
are disjoint there are no overlaps and every family of local attributions glues. If the overlap graph
is complete on 𝐾 contexts, ℰ(𝑠) = 𝐾 ∑𝑈 ‖𝑠𝑈 − ̄𝑠‖2, the statistic of the homogeneity test. If
the cover consists of the genre strata and the expertise strata of a balanced grid, with each genre
stratum and expertise stratum overlapping in one cell, ℰ(𝑠) = 𝑛𝐸 𝑆𝑆genre + 𝑛𝐺 𝑆𝑆expertise, where
𝑛𝐺 and 𝑛𝐸 are the numbers of genres and expertise levels and 𝑆𝑆 are the sums of squares of the
stratum means about the grand mean, and it vanishes for every pure interaction whose marginals
vanish.
Proof. The first statement is the identity ∑𝑈∼𝑉 (𝑠𝑈 − 𝑠𝑉 )2 = 𝑠⊤𝐿𝑠 and the null space of a graph
Laplacian. The disjoint case has an empty edge set. For the complete graph 𝐿 = 𝐾𝐼 − 11⊤. For
the marginal cover, ∑𝑔,𝑒(𝑟𝑔 − 𝑐𝑒)2 with 𝑟𝑔 the mean of genre 𝑔 and 𝑐𝑒 the mean of expertise level
𝑒 expands to 𝑛𝐸 ∑𝑔(𝑟𝑔 − ̄𝑠)2 + 𝑛𝐺 ∑𝑒(𝑐𝑒 − ̄𝑠)2 because ̄𝑟 = ̄𝑐 = ̄𝑠, and a pure interaction has
𝑟𝑔 = 𝑐𝑒 = ̄𝑠. □
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The number of connected components of the overlap graph is the number of separate attribution
summaries the cover can justify. The energy is a heterogeneity statistic whose directions of sen-
sitivity are those of the cover. With identity restrictions nothing beyond the graph Laplacian is
needed; the sheaf structure matters when restriction maps are not identities, for instance when
outcomes on two platforms are measured in different units and must be converted before they are
compared.
In a grid of four genres and three expertise levels, three covers were compared on four alternatives
of equal total variation, with centered cell effects whose sum of squares is 25 for cell estimates of
unit variance: a genre effect, an expertise gradient, a checkerboard interaction with zero marginals
and a single deviant cell (Figure 7). The complete cover has one component, the marginal cover
has one and the ladder cover, in which cells of one genre at adjacent expertise levels overlap, has
four. The complete cover is the homogeneity test and has power 0.95 against all four. Themarginal
cover has power 0.98 against the genre effect, 0.99 against the gradient, 0.75 against the single cell
and 0.05 against the checkerboard: it cannot see a pure interaction. The ladder cover has power
0.05 against the genre effect, which lies in the null space of its Laplacian, 0.70 against the gradient,
0.69 against the single cell and 0.99 against the checkerboard. A report of low inconsistency is
therefore a statement about a cover, and the cover has to be reported with the alternatives it can
reject.

Figure 7: Consistency energy of three covers over a grid of four genres and three expertise levels.
(a) Power of the three energies against four alternatives of equal total variation. (b) The alternatives,
with columns for genre and rows for expertise level.

8. The attribution signature
The result of the program is a vector and not a share: the viewer-side value components Δ𝐸, Δ𝐻
and Δ𝑆, an attention efficiency 𝜂𝐴, the unique and synergistic information 𝑈𝑛𝑞𝑅 and 𝑆𝑦𝑛, the
interactionΓ𝐶𝑅, themodule dividends or their Shapley allocation, the source externalityΔ𝑀 , and
the context inconsistency. A statement such as “the reaction supplies a fifth of the value” collapses
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the four quantities of section 2 and chooses a weight and an allocation rule that no experiment
supplies. Table 4 lists what each component needs.

Table 4: Components of the attribution signature, the design
that identifies each, the estimator and its cost.

component design estimator resolution
Δ𝐸, Δ𝐻 , Δ𝑆 randomized exposure,

pre and post forecasts
difference of means;
Brier gain with the
miscalibration term

1,600 observations for
a standard error of
0.05 SD in a two-arm
contrast

Γ𝐶𝑅, module
dividends

16-cell factorial Möbius transform of
cell means

12,800 to 102,400
observations for 0.05
SD, by order

Shapley allocation 16-cell factorial Shapley value of the
measured game

2,133 observations for
0.05 SD; not identified
beyond the dividends

𝑈𝑛𝑞𝑅, 𝑆𝑦𝑛 outcomes with source
and reactor content as
discrete variables

BROJA with bias and
noise reported

577 responses for a
bias of 0.01 bits at
alphabets 3, 2, 5

garbling response channels per
state and condition

calibrated bootstrap
on 𝑑𝐵

1,000 responses per
state and condition
for power 0.92 at
accuracy 0.6

Δ𝑀 randomized reaction
on source videos

within-creator or
creator-level contrast

28% detectable at 300
videos; 49% at 30
creators

context inconsistency cover over contexts consistency energy of
the reported cover

set by the cover

9. Limits and generalization
The decision-theoretic results hold for a Bayesian viewer with a fixed utility and the stated cost
structure. Proposition 1 does not describe viewers who misread the source, and Proposition 3
treats stated probabilities as reports of beliefs. The needle model has one informative segment, a
uniform position and a linear price; its closed form is the point of the example and not an estimate
of real viewing. The partial information decomposition is one of several, the multivariate case
is unsettled, and its application needs discrete content variables that real reactions rarely supply.
The design calculations assume independent outcomes with a stated variance, additive viewer
and stimulus effects and, in the field, log views with a given within-creator spread and baseline
correlation; the true values are unknown, and the formulas let a pilot replace them. The simulations
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use illustrative scenarios and give no estimate of any real reaction, reactor or platform. No data
were collected. The quantities are empirical and do not stand in for a copyright test.
The structure is not particular to reaction videos. A news commentary on an article, an explanation
of a research paper, a criticism of a film, a remix of a song, a fork of software and a summary of a
human work by a machine have the same four quantities, and the designs above apply wherever
the source and the derivative can both be observed and exposure can be randomized. Where expo-
sure cannot be randomized, the observational graph of section 6.4 describes the pairs and identifies
none of the four quantities without further assumptions.
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